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This manuscript presents, to our knowledge, the first fully ab initio many-body photoemission
framework to predict the transverse momentum distributions and the mean transverse energies
(MTEs) of photoelectrons from single-crystal photocathodes. The need to develop such a theory
stems from the lack of studies that provide complete understanding of the underlying fundamental
processes governing the transverse momentum distribution of photoelectrons emitted from single
crystals. For example, initial predictions based on density-functional theory calculations of effective
electron masses suggested that the (111) surface of PbTe would produce very small MTEs (≤ 15
meV), whereas our experiments yielded MTEs ten to twenty times larger than these predictions,
and also exhibited a lower photoemission threshold than predicted. The ab initio framework pre-
sented in this manuscript correctly reproduces the magnitude of the MTEs from our measurements
in PbTe(111) and also the observed photoemission below the predicted threshold. Our results
show that photoexcitations into bulk-like states and coherent, many-body electron-photon-phonon
scattering processes, both of which initial predictions ignored, indeed play important roles in pho-
toemission from PbTe(111). Finally, from the lessons learned, we recommend a procedure for rapid
computational screening of potential single-crystal photocathodes for applications in next-generation
ultrafast electron diffraction and X-ray free-electron lasers, which will enable new, significant ad-
vances in condensed matter research.
I. INTRODUCTION
Mean transverse energy (MTE), the average kinetic en-
ergy of photoemitted electrons parallel to a photocath-
ode surface, is a key quantity that limits the brightness of
state-of-the-art laser-driven electron sources1,2 used, for
example, in ultrafast electron diffraction (UED)3 and X-
ray free-electron lasers (XFELs).1,4 Reducing the MTE
increases the electron beam brightness, which increases
the spatial resolution of UED5–9 and the maximum las-
ing photon energy of XFELs.5,8,10,11 Increased electron
beam brightness also will enable more thorough and ac-
curate studies of various physical phenomena, includ-
ing the ultrafast photo-induced metal-insulator transi-
tion of VO2
12 and ultrafast photo-conversion dynamics
in rhodopsin.13
In the absense of a comprehensive theory, early efforts
to reduce the mean transverse energy involve operating
photocathodes both at cryogenic temperatures and near
the photoemission threshold.14–16 However, these condi-
tions result in very low quantum efficiency, the number
of emitted photoelectrons per incident laser photon, and
thus can lower the overall beam brightness despite the
reduced MTE.16 To address this limitation, more recent
∗ Corresponding author. Email: jn459@cornell.edu
† Present address: Department of Physics, Arizona State Univer-
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efforts to lower the MTE without sacrificing quantum effi-
ciency focus on single-crystal photocathodes, which pos-
sess well-defined band structures that can be exploited to
produce low-MTE electron beams.16 Karkare et al. 8 pre-
sented one of the first successful experimental attempts
to reduce the MTE using single-crystal photocathodes.
They found that single-crystal Ag(111) reduces MTEs
below that of polycrystalline Ag17 and yields a signifi-
cantly larger quantum efficiency than a typical polycrys-
talline metal due to the high density-of-states close to the
Fermi level provided by a Shockley surface state.8
Despite the recent experimental progress with single-
crystal photocathodes, there are to date no fully ab initio
studies exploring the fundamental underlying physics and
predicting the resulting MTE. Early photocathode MTE
theory focused primarily on polycrystals or photocath-
odes with disordered surfaces and used semi-empirical
approaches.14,15,18–21 Schroeder and Adhikari 22 do con-
sider single-crystal photocathodes, but calculate the
MTE by considering only electrons that originate from
bulk states near the Fermi level and treating them as free
electrons. Karkare et al. 2 developed a theoretical model
that explains their MTE measurements on Ag(111)8 by
using the nearly free-electron model, a good approxi-
mation for only a limited number of metals.23 Adhikari
et al. 5 , Schroeder et al. 24 , and Li and Schroeder 25 use
the free-electron approximation informed with ab initio
effective masses calculated from density-functional the-
ory (DFT), but neglect the full band structure of the
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2material. Finally, Li et al. 26 use the full DFT band
structure, but approximate the photoexcitation transi-
tion rates as uniform instead of calculating them ab initio
from the appropriate transition matrix elements.
Beyond not being fully ab initio, most of the above
single-crystal MTE studies assume direct photoexcita-
tion into vacuum states. In reality, electrons also tran-
sition into propagating states that extend well into the
bulk of the material. Such transitions can become the
dominant process because, at typical operating laser en-
ergies, laser photons penetrate the many atomic layers
beneath the surface and can excite large numbers of elec-
trons from the bulk region. For example, in PbTe, at the
laser energies of interest (∼4–5 eV), photons have a char-
acteristic absorption depth of ∼200 A˚,27 approximately
thirty times the lattice constant.28
Relatively recently, Camino et al. 29 did present a fully
ab initio treatment of such bulk-like excitation processes
in single crystals, but, due to a different focus, considered
only quantum efficiency rather than the momentum and
energy distributions of the emitted photoelectrons. They
do consider a full, ab initio band structure and transitions
of bulk electrons into bulk-like propagating states, with
the transition rates calculated appropriately from first
principles using Fermi’s golden rule. However, due to
their focus on quantum efficiency as opposed to MTE,
Camino et al. 29 do not consider many-body excitation
processes such as electron-phonon scattering, which can
alter the momentum distribution of excited electrons.21
Further progress in understanding the fundamentals of
photoelectron distributions and MTEs thus requires both
development of a new ab initio framework that considers
many-body processes such as electron-phonon scattering
and comparison with experiments exploring the full dis-
tributions of emitted photoelectrons. This manuscript
presents just such a theory applicable to any single-
crystal photocathode material, as well as comparisons to
detailed experiments which measure not only the MTE
but also the full distribution of transverse electron mo-
menta. As a case study, we consider single-crystal, semi-
conducting PbTe(111), finding good agreement with ex-
periment, and we explain the significant discrepancies be-
tween our experimental measurements and previous theo-
retical estimates.24,25 We find that consideration of elec-
tronic transitions into bulk-like propagating states and
inclusion of coherent three-body electron-photon-phonon
scattering to be key in explaining the observed MTEs,
and develop significant insight into the underlying phys-
ical mechanisms.
II. PREVIOUS THEORIES VS. EXPERIMENT
Motivated by the need for mean transverse en-
ergies below 10 meV for next-generation ultra-high-
brightness applications,30 previous density-functional
theory studies24,25 identified single-crystal, semiconduct-
ing PbTe(111) as capable of producing very low MTEs
(≤ 15 meV). These studies attribute the low MTEs to
the small transverse effective masses associated with the
valence band maximum of the material, as well as the
impact of these small masses on direct transitions into
vacuum states. Figure 1 illustrates such transitions for a
photon energy of 4.4 eV, ∼0.2 eV above the calculated
threshold from Refs. 24 and 25. Due to the small trans-
verse effective masses, there are very few allowed transi-
tions with small, non-zero transverse momenta along the
W–L, L–K, X–L, and L–U directions. In contrast, there
are a large number of transitions along Γ–L due to the
larger effective mass along this direction. Because the
Γ–L direction is parallel to the (111) surface normal, the
corresponding photoelectrons will have essentially zero
transverse momenta. These observations are what ulti-
mately lead Refs. 24 and 25 to predict a very low MTE
of ≤ 15 meV at this photon energy.
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FIG. 1. Bulk band structure of PbTe: valence bands
(solid curves), conduction bands (faint solid curves), high-
symmetry path Γ–L parallel to the [111] surface normal di-
rection (shaded region), valence band maximum (horizontal
dashed line at 0), vacuum level from Refs. 24 and 25 (horizon-
tal dashed line at 4.2 eV), and vertical transitions directly into
vacuum states considered in Refs. 24 and 25 at a photon en-
ergy of 4.4 eV (vertical arrows). Arrow thickness corresponds
to the number of available transitions and is proportional to
both the density-of-states and the effective mass.
To explore the above predictions, we here measure the
MTEs of photoelectrons emitted from an atomically or-
dered Pb-terminated PbTe(111) surface. We first pre-
pared the surface by performing several cycles of ion-
bombardment with 500 eV Ar+ ions followed by an-
nealing to 260◦C on a commercially-purchased single-
crystal PbTe(111) substrate.31,32 We continued these
cycles until the surface exhibited a sharp 1×1 hexag-
onal low-energy electron diffraction pattern and until
Auger electron spectroscopy showed no surface contam-
3inants. The light source generating the photoelectrons
is a laser-based plasma lamp with a tunable wavelength
monochromator33 and a spectral width of 2 nm FWHM.
The incident light is 35◦ off-normal and has a focused
spot diameter of ∼150 µm on the PbTe(111) surface. We
then accelerate the resulting photoelectron beam longi-
tudinally to several kilovolts through a flat fine-mesh an-
ode, allowing the beam to drift and expand from the
effective point-spot on the PbTe(111) cathode under the
transverse momenta of the photoelectrons. We obtain the
transverse momentum distribution and MTE by measur-
ing the size of the photoelectron beam after the acceler-
ation with the setup given in Ref. 34.
Figure 2 contrasts the MTE predictions from Refs. 24
and 25 with our experimentally-measured MTEs at room
temperature. Our measured values are up to twenty
times larger than predicted. Moreover, unlike the predic-
tions, our measurements exhibit non-monotonic behavior
as a function of photon energy, as well as photoemission
below the predicted threshold of 4.2 eV.
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FIG. 2. Mean transverse energy (MTE) of photoelectrons
emitted from PbTe(111) as a function of laser photon energy:
our experimental results at room temperature (points with
error bars) and previous predictions24,25 (thick curve), which
are 10–20× smaller than the observed MTEs and exhibit a
higher threshold energy of 4.2 eV.
The significant discrepancies in magnitude and trend
between our experimental MTEs and the predicted
MTEs suggest additional processes to be at work. For ex-
ample, excitations into bulk-like propagating states that
can transmit electrons into vacuum may impact signif-
icantly the allowed transitions and affect the final dis-
tribution of emitted photoelectrons. Moreover, the ob-
served photoemission below the predicted threshold sug-
gests the presence of indirect photoexcitations, much like
how indirect excitations in semiconductors can occur be-
low the direct band gap. Therefore, coherent three-
body electron-photon-phonon scattering also may play
an important role in photoemission from PbTe(111). To
explore these possibilities we now develop an ab initio
framework capable of including these processes and pre-
dicting the momentum and energy distributions of the
resulting photoelectrons.
III. FULLY AB INITIO APPROACH
To better explain our experimental observations of the
MTE of PbTe(111), new theory must be developed. As
observed in the previous section, such a theory must not
only account for direct photoexcitations into the bulk-
like states that can transmit electrons into vacuum, but
also account for coherent electron-photon-phonon scat-
tering. We previously reported in conference proceed-
ings the results of calculations accounting for the above
effects.35 However, those calculations did not account for
a number of other important factors. First, the finite
linewidths of the intermediate electron states during the
electron-photon-phonon scattering process can impact
significantly the indirect photoexcitation transition rates
and thus must be included in the calculations. Second,
the Bloch components of an excited bulk-like state in the
material couple to not merely a single outgoing plane-
wave component in the vacuum, but to any plane-wave
component whose momentum along the surface differs
by any reciprocal lattice vector of the two-dimensional
surface lattice. Third, the laser light in the experiment
may not be of a single polarization, but may be unpo-
larized, as in our experiments. Finally, as is well known,
band gaps calculated using density-functional theory can
be inaccurate and should be corrected through the stan-
dard so-called “scissors operator”,36,37 a procedure we
had not yet applied.
The following subsections lay out our final method for
calculating photoemission, transverse momentum distri-
butions, and MTEs. First, Subsection III A describes
the overall framework which we use to address all of the
above issues and to calculate the transverse momentum
distributions and MTEs. Subsections III B, III C, and
III D then give details, respectively, of how we compute
the photoexcitation transition rates, of how we calculate
the probabilities of transmission into vacuum, and of the
specific computational aspects of the underlying calcula-
tions.
A. Overall Framework
As described in previous sections, this work consid-
ers photoelectrons that originate from bound bulk-like
states of the photocathode material and then transi-
tion into higher-energy bulk-like states that propagate in
vacuum. This subsection describes our general photoe-
mission framework, which is applicable to single-crystal
metallic as well as semiconducting photocathodes.
Figure 3 illustrates the photoemission processes which
we consider. First, a photon excites an electron from an
occupied bulk-like state which closely resembles a bulk
band b and is bound to the material. The electron then
4transitions into an excited state that closely resembles
a bulk band b′ in the material but, because the mate-
rial is not infinite and has a surface, also has significant
amplitude propagating in the vacuum. As Fig. 3(1) il-
lustrates, this process may occur through either direct
photoexcitation (1a), or phonon-mediated photoexcita-
tion (1b) during which the electron absorbs the photon
while either coherently absorbing or emitting a phonon.
Our photoemission model thus resembles the one-step
model2,38 in that we consider coherent processes only,
but goes beyond that model because we also include co-
herent electron-photon-phonon excitation processes.
The exact nature of the excited state plays an impor-
tant role in our framework. Far from the surface and deep
into the material or far out into the vacuum, respectively,
the excited state can be described as a superposition of
pure Bloch waves or plane waves. As Fig. 3(2) illustrates,
on the material side of the interface, the state will appear
as a combination of the excited Bloch state at bulk band
b′ (which will will have a group velocity toward the sur-
face if the electron is ultimately to be emitted) and a set
of reflected Bloch waves due to interaction with the sur-
face. Similarly, far into the vacuum, the excited state will
appear as a superposition of outgoing transmitted plane
waves. The phases of all of the above superposed com-
ponents must align at all points that are equivalent by
the two-dimensional translational symmetry of the sur-
face, and thus the crystal momentum component parallel
to the surface must be conserved.20 Specifically, for each
plane-wave component |q〉 of the outgoing wave in the far
field of the vacuum, the parallel component of the wave
vector q must match the sum of the parallel component
of the excited Bloch state’s crystal momentum kf and
any reciprocal lattice vector Gs of the two-dimensional
surface: q‖ = kf‖ +Gs. As Appendix A shows, for any
three-dimensional bulk lattice and any surface, the sur-
face reciprocal lattice vectors Gs correspond precisely to
the projections G‖ onto the surface plane of all of the
reciprocal lattice vectors G of the bulk crystal, allowing
us to write
q‖ = kf‖ +G‖. (1)
In addition to the parallel component of the momen-
tum, the total energy also must be conserved during sur-
face transmission,20 so that the total kinetic energy T (q)
of the outgoing plane-wave component |q〉 is
T (q) = Ekf ,b′ −W, (2)
where Ekf ,b′ is the energy of the excited bulk state |kf , b′〉
relative to the same reference with which the work func-
tion W is determined. Equations (1) and (2) then yield
the perpendicular component of the wave vector q,
q⊥(kf , b′,G‖) ≡
√
2meT
kf ,b′,G‖
⊥
~
, (3)
where the kinetic energy in the direction perpendicular
FIG. 3. Steps of the many-body coherent photoemission pro-
cess, including direct photoexcitation into a bulk state (1a),
phonon-mediated photoexcitation into a bulk state (1b), and
finally transmission of the excited bulk state into vacuum (2):
incoming photon of momentum K ≈ 0 and energy ~Ω (dot-
ted arrow), absorbed/emitted phonon of branch α, momen-
tum kp, and energy ~ω (jagged line), resulting electron in
band b′ with momentum k or k ± kp (filled circle), resulting
hole in band b with momentum −k (open circle), and ex-
cited bulk-like state with vacuum components, consisting of
a Bloch wave in the far field of the material traveling toward
the surface (solid arrow pointing away from the filled circle),
a superposition of reflected Bloch waves in the far field of
the material (downward solid arrows), and a superposition of
plane waves in the far field of the vacuum (upward solid ar-
rows), each of which has a momentum q = k‖ +G‖ + q⊥ or,
if a phonon is involved, q = (k± kp)‖ +G‖ + q⊥.
to the surface is
T
kf ,b
′,G‖
⊥ = Ekf ,b′ −W −
~2
2me
|kf‖ +G‖|2. (4)
With the above ingredients in place, the mean-
transverse energy is then the weighted average of the
transverse kinetic energy of the plane-wave component
|q(kf , b′,G‖)〉 over all values of kf , b′, and G‖,
MTE(Ω) =
∑
kf ,b′,G‖
ν(Ω,kf , b
′) t(kf , b′,G‖) T‖(kf‖,G‖)∑
kf ,b′,G‖
ν(Ω,kf , b′) t(kf , b′,G‖)
,
(5)
5where the terms in the above expression are defined as
follows. First, at photon energy ~Ω the photoexcitation
transition rate ν(Ω,kf , b
′) includes transitions from all
possible initial bulk states to a particular excited bulk
state |kf , b′〉 at momentum kf and band b′. Second,
t(kf , b
′,G‖) is the transmission probability for the ex-
cited bulk state |kf , b′〉 to ultimately emerge as the plane-
wave |q(kf , b′,G‖)〉 in vacuum. Third, T‖(kf‖,G‖) =
(~2/2me)|kf‖ + G‖|2 is the transverse kinetic energy
of the plane-wave component |q(kf , b′,G‖)〉. The next
subsections describe the calculation of ν(Ω,kf , b
′) and
t(kf , b
′,G‖), respectively.
Finally, we note that, from Eq. (5), it is apparent that
the transverse momentum distribution of the photoelec-
trons is the transverse momentum kf‖+G‖ weighted by
the product ν(Ω,kf , b
′) t(kf , b′,G‖).
B. Photoexcitation Transition Rates
At a particular crystal momentum k, a direct tran-
sition vertically excites an electron into a higher-energy
band at the same k, because at photon energies of in-
terest (few eVs), the photon momenta are ∼103 smaller
than the typical electronic crystal momenta. A phonon-
mediated transition, however, excites an electron into
a higher-energy state at a different crystal momentum
k′ 6= k, because unlike photons, phonons can have arbi-
trary crystal momenta.
Within the dipole approximation,39,40 first-order per-
turbation theory (Fermi’s golden rule) and second-order
perturbation theory give the following transition rates
of the direct photoexcitations and the phonon-mediated
photoexcitations,41
νk,b
′←b
direct =
2pi
~
e2
m2e
(fk,b − fk,b′)δ(Ek,b′ − Ek,b − ~Ω)
× |(A · p)k,b′←b|2 (6)
νk
′,b′←k,b
phonon =
2pi
~
e2
m2e
(fk,b − fk′,b′)
∑
α±
{(
nk′−k,α +
1
2
∓ 1
2
)
× δ(Ek′,b′ − Ek,b − ~Ω∓ ~ωk′−k,α)
×
∣∣∣∣∣∑
m
(
gk
′−k,α
k′,b′←k,m (A · p)k,m←b
Ek,m − Ek,b − ~Ω + iηk,m
+
(A · p)k′,b′←m gk
′−k,α
k′,m←k,b
Ek′,m − Ek,b ∓ ~ωk′−k,α + iηk′,m
)∣∣∣∣∣
2}
,
(7)
where the relevant quantities are defined as follows. The
indices b, b′, and α label the initial bulk band, excited
bulk band, and phonon branch, respectively, and the
constants e and me are the electron charge and vac-
uum electron mass. The quantities f , E, n, ω, and Ω
respectively are the electron Fermi occupancy, electron
band energy, phonon Bose occupancy, phonon frequency,
and photon frequency, and the ∓ sign labels phonon
absorption/emission respectively. The matrix element
(A · p)k,j←i ≡ 〈k, j|A · p|k, i〉 is the electron-photon in-
teraction matrix element, and gk
′−k,α
k′,j←k,i is the electron-
phonon interaction matrix element between an initial
electronic state |k, i〉, a phonon of momentum k′−k and
branch α, and a final electronic state |k′, j〉. Finally,
ηk,m is the electron linewidth of the intermediate state
of the phonon-mediated photoexcitation at a particular
momentum k and band m.
The electron linewidth ηk,m considered in this work is
the sum of the contributions to the imaginary part of the
self-energy from electron-electron and electron-phonon
scattering at the intermediate state |k,m〉,
ηk,m = Im Σ
e–e
k,m + Im Σ
e–ph
k,m , (8)
where Ref. 41 gives the expressions for Im Σe–ek,m and
Im Σe–phk,m .
Choosing the Coulomb gauge (∇·A = 0)42 to quantize
the vector potential A reduces Equations (6) and (7) to
νk,b
′←b
direct =
2pi
~
e2
m2e
|A0(Ω)|2(fk,b − fk,b′)δ(Ek,b′ − Ek,b − ~Ω)
× |ˆ(Ω) · pk,b′←b|2 (9)
and
νk
′,b′←k,b
phonon =
2pi
~
e2
m2e
|A0(Ω)|2(fk,b − fk′,b′)
×
∑
α±
{(
nk′−k,α +
1
2
∓ 1
2
)
× δ(Ek′,b′ − Ek,b − ~Ω∓ ~ωk′−k,α)
×
∣∣∣∣∣ˆ(Ω) ·∑
m
(
gk
′−k,α
k′,b′←k,m pk,m←b
Ek,m − Ek,b − ~Ω + iηk,m
+
pk′,b′←m g
k′−k,α
k′,m←k,b
Ek′,m − Ek,b ∓ ~ωk′−k,α + iηk′,m
)∣∣∣∣∣
2}
,
(10)
where pk,j←i ≡ 〈k, j|p|k, i〉 is the momentum operator
matrix element and ˆ(Ω) is the polarization unit vec-
tor of the photon with energy ~Ω inside the bulk of the
material. Finally, A0(Ω) is the amplitude of the vector
potential A at photon energy ~Ω, which does not con-
tribute to the final distribution of photoelectrons because
of the normalization factor in Eq. (5).
At a particular photon energy ~Ω, depending on the
polarization of the incident laser photons in vacuum, the
photons inside the material can have multiple polariza-
tions that sum incoherently. Therefore, in general, the
total rate ν(Ω,kf , b
′) of all transitions into a bulk ex-
6cited state |kf , b′〉 involving photons with energy ~Ω is
ν(Ω,kf , b
′) =
∑
ˆ(Ω)
a(ˆ(Ω))
{
νd(Ω,kf , b
′; ˆ(Ω))
+ νp(Ω,kf , b
′; ˆ(Ω))
}
,
(11)
where a(ˆ(Ω)) is the weight of the photons with an en-
ergy ~Ω and a particular polarization ˆ(Ω) inside the
material, νd(Ω,kf , b
′; ˆ(Ω)) ≡ ∑b νkf ,b′←bdirect is the direct
transition rate Eq. (9) summed over all initial bands,
and νp(Ω,kf , b
′; ˆ(Ω)) ≡ ∑kb νkf ,b′←k,bphonon is the phonon-
mediated transition rate Eq. (10) summed over all initial
states.
Our experiments on PbTe(111) use unpolarized laser
light with an angle of incidence ≈ 35◦ and with an un-
determined azimuthal direction with respect to the un-
derlying crystalline axes. To deal with the latter un-
certainty, we have considered both of the two distinct
high-symmetry incoming laser beam directions along the
surface, ±[11¯0] and ±[112¯], ultimately finding very simi-
lar results. For any given incoming beam direction there
is a unique s-polarization direction and a p-polarization
direction inside the material determined by the angle
of refraction, which at the photon energies of interest
(∼4–5 eV) vary in our material between 40◦ and 70◦.
We find that for both of our considered incoming direc-
tions, the corresponding s-polarization and the three p-
polarizations we have considered (corresponding to the
refracted angles of 40◦, 60◦, and 70◦) all yield quantita-
tively similar results for the MTE as a function of photon
energy at the photon energies of interest. Accordingly,
for this work, we choose to focus on a single, represen-
tative laser light in the material consisting of an equal,
incoherent mixture of an s-polarization in the ±[11¯0] di-
rection and a p-polarization corresponding to a refracted
angle of 60◦.
C. Surface Transmission Probability
Two conditions determine whether an electron in an
excited bulk state transmits into vacuum. First, the elec-
tron’s group velocity must be in the direction toward the
surface. Second, to avoid total internal reflection, the
electron must couple to the plane-wave components in
the far field of the vacuum that have positive kinetic ener-
gies in the direction perpendicular to the surface. As dis-
cussed in Sec. III A, surface transmission conserves both
the total energy and the momentum component paral-
lel to the surface,20 and thus it is possible for the ki-
netic energy perpendicular to the surface to become neg-
ative. With these considerations and including the ap-
propriate kinematic factors, the transmission probability
t(kf , b
′,G‖) from the bulk state |kf , b′〉 to the vacuum
plane-wave component |q(kf , b′,G‖)〉 is then
t(kf , b
′,G‖) = Θ
(
v
kf ,b
′
group · nˆ
)
Θ
(
T
kf ,b
′,G‖
⊥
)
× |Dkf ,b′,G‖ |2
[
(2/me) T
kf ,b
′,G‖
⊥
]1/2
v
kf ,b′
group · nˆ
,
(12)
where kf and b
′ respectively label the crystal momen-
tum and the band of the excited bulk state, and G‖
is the surface projection of the vector G in the re-
ciprocal bulk lattice. In the above equation, Θ(x) is
the Heaviside step function, Dkf ,b′,G‖ is the amplitude
of the plane-wave component |q(kf , b′,G‖)〉 in vacuum,
v
kf ,b
′
group ≡ (1/~)∇kfEkf ,b′ is the group velocity of the ex-
cited electron in the material, nˆ is the unit vector of the
surface normal (which is parallel to [111] in this work),
and T
kf ,b
′,G‖
⊥ is given by Eq. (4). The fraction in the
above equation gives the appropriate kinematic factors
as the ratio of the perpendicular group velocity of the
plane-wave component |q(kf , b′,G‖)〉 in vacuum to the
perpendicular group velocity of the excited bulk state
|kf , b′〉 in the material.
The proper way of calculating Dkf ,b′,G‖ , the ampli-
tude of the plane-wave component |q(kf , b′,G‖)〉 in the
far field of the vacuum, is to employ an ab initio scat-
tering theory to relate Dkf ,b′,G‖ with the amplitudes of
the plane-wave components of the excited Bloch state
|kf , b′〉 in the far field of the material. Such a the-
ory requires solving the three-dimensional Schro¨dinger’s
equation from first principles, with techniques that re-
sult in eigenstates corresponding to a potential from a
semi-infinite slab of material and a semi-infinite slab of
vacuum.
For simplicity, we have considered approximating
Dkf ,b′,G‖ in three different ways,
|Dkf ,b′,G‖ |2 ≈

|∑G⊥ Ckf ,b′,G‖+G⊥ |2 (13a)
max{|Ckf ,b′,G‖+G⊥ |2}G⊥ (13b)
|D|2, (13c)
where D is a non-zero constant and Ckf ,b′,G is the
amplitude of the plane-wave component of the excited
bulk Bloch state associated with the reciprocal lat-
tice vector G, so that the bulk Bloch state |kf , b′〉 in
real space is ψkf ,b′(r) =
∑
G Ckf ,b′,G exp [i(kf +G) · r].
The motivations for these approximations are as follows.
Equation (13a) assumes that the plane-wave component
|q(kf , b′,G‖)〉 equals the superposition of the plane-wave
components of the excited Bloch state |kf , b′〉 that have
the same G‖. Equation (13b) assumes that for each
G‖, only the plane-wave component of |kf , b′〉 with the
largest probability determines |q(kf , b′,G‖)〉. Lastly,
Equation (13c) is the simple constant-amplitude approx-
imation.
For PbTe(111), all three approximations give quantita-
tively similar results for the MTE as a function of photon
7energy at photon energies of interest (∼4–5 eV). Accord-
ingly, the results presented in this work use Eq. (13c),
the simplest approximation of the three, so that from
here forward we use
t(kf , b
′,G‖) ≈ Θ
(
v
kf ,b
′
group · nˆ
)
Θ
(
T
kf ,b
′,G‖
⊥
)
× |D|2
[
(2/me) T
kf ,b
′,G‖
⊥
]1/2
v
kf ,b′
group · nˆ
. (14)
D. Computational Details
Calculation of MTE (Eq. (5)) involves evaluating high-
dimensional sums over continuous set of crystal momenta
{k} using the Monte Carlo method. Here, we employ the
the Wannier interpolation method43 to efficiently inter-
polate the required quantities, such as electron linewidths
and matrix elements, for arbitrary values of k. This in-
terpolation method involves expressing such quantities
in a maximally-localized Wannier basis formed by linear
combinations of Bloch wavefunctions,43,44 which requires
calculation of the electronic structure of the material.
To calculate the electronic structure of PbTe, we em-
ploy the plane-wave density-functional theory (DFT)
framework, with the GGA-PBE exchange correla-
tion functional45 and fully-relativistic norm-conserving
pseudopotentials46 from the SG15 library,47 as imple-
mented in the JDFTx software framework.48 We have
found that using non-relativistic and scalar-relativistic
pseudopotentials for PbTe yields a band gap that exceeds
the experimental gap. Solving this problem requires
spin-orbit coupling,49 which necessitates fully-relativistic
pseudopotentials.
The calculations of the bulk electronic structure em-
ploy a face-centered-cubic (FCC) primitive cell of PbTe,
a plane-wave cutoff of 20 Hartrees, a Brillouin zone sam-
pling mesh of 6 × 6 × 6, and an optimized PbTe lattice
constant of 6.57 A˚ (within 2% from the experimental
value28). To deal with the classic DFT band-gap prob-
lem, we scissor the conduction band energies to match the
experimental gap of 0.3 eV.50 Using linear combinations
of the bulk Bloch bands at energies from −4.8 eV below
to 12.7 eV above the valence band maximum, we generate
a maximally-localized Wannier basis set using a supercell
of 6× 6× 6 FCC primitive cells. This Wannier basis set
reproduces the bulk band structure at the energy range
from −4.8 eV below to 5.7 eV above the valence band
maximum, which is sufficient to include all photoexcita-
tions with photon energies of interest (∼4–5 eV). The
determination of these Wannier functions and their use
below in determining linewidths, matrix elements and
MTEs are all based on the implementation of JDFTx48
described in Ref. 41.
Because this work considers phonon-mediated pho-
toexcitations, we also calculate the force matrix for bulk
phonons and the electron-phonon matrix elements of
PbTe using a modified version of the frozen phonon
method, as implemented in JDFTx,48 which allows cal-
culations of phonons at arbitrary wave-vectors. These
calculations use a supercell of 3 × 3 × 3 FCC primitive
cells and DFT parameters corresponding to those of the
bulk electronic structure calculations described above.
The phonon-mediated excitations also require calcu-
lation of the electron linewidths (Eq. (8)) for all bulk
electronic states. The methods of these calculations are
detailed elsewhere.41 For this work, the calculation of the
electron-electron scattering contribution to the linewidth
uses a frequency grid resolution of 0.001 eV and a cutoff
of ∼130 eV for the dielectric matrices. The calculation
of the electron-phonon scattering contribution uses a fine
wave-vector grid of 168× 168× 168.
The surface transmission probability of a photoexcited
electron (Eq. (14)) depends on the work function of the
material surface. Although it is possible to calculate the
work function of PbTe(111) ab initio,24,25 the effective
work function in our experiments can be quite different
due to effects such as the surface condition of our sample
and the Schottky effect.15,25 Because careful measure-
ments of the effective work function of our sample are
not available, we determine the effective work function
by comparing our calculated MTEs with our experimen-
tal MTEs, finding that a work function of 4.05 eV (at
the low end of the range 4.1–4.9 eV reported in the lit-
erature24,25,51–53) results in the best agreement between
our calculated and experimental MTEs as functions of
photon energy.
Finally, to determine the MTEs, this work uses ∼1.5×
108 Monte Carlo samples of crystal momenta k to con-
verge our results in the photon energy range of interest
(∼4–5 eV). To enumerate the possible outgoing plane
waves, we include the G‖ vectors for the nearest neigh-
bors of G‖ = 0, the origin of the surface-projected recip-
rocal lattice. This range of G‖ is sufficient to cover the
transverse momenta measured in our experiments.
IV. RESULTS AND DISCUSSION
A. Mean Transverse Energies
Figure 4 shows our results for the mean trans-
verse energy of emitted photoelectrons as a function
of laser photon energy and compares them with previ-
ous predictions24,25 and our experimental measurements.
First, we find that including both the direct and phonon-
mediated photoexcitations into bulk-like states, as op-
posed to vacuum states, reproduces the magnitude and
general trends of the measured MTEs both below and
above the calculated direct threshold of 4.27 eV. Al-
though we do not reproduce the experimentally observed
dip centered at 4.9 eV, we do find a leveling off of the
increase in the MTE at similar energies. Section IV B
explores this discrepancy in more detail, showing that
this feature is likely due to photoexcitations directly into
8vacuum states. Second, we find that including only the
direct excitations reproduces relatively well the MTEs
above the calculated threshold, although the indirect ex-
citations above threshold actually account for at least
∼45% of the total number of emitted photoelectrons.
Both the need to consider phonon-mediated processes
below the direct threshold and the prevalence of such
processes above threshold underscore the importance of
indirect transitions due to phonon effects in photoemis-
sion from PbTe(111).
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FIG. 4. Mean transverse energy (MTE) of photoelectrons
emitted from PbTe(111) as a function of laser photon energy
at room temperature: our experimental results (points with
error bars), our calculations including direct and phonon-
mediated excitations (solid curve), our calculations includ-
ing solely direct excitations (dashed curve), previous predic-
tions24,25 (thick curve with small MTE values), and our cal-
culated threshold of direct photoexcitation (vertical dashed
line). Compared to previous predictions, which are an order
of magnitude smaller, our calculations yield far better agree-
ment with our experiments.
The significance of the above phonon effects suggests
that operation at cryogenic temperatures might reduce
the MTEs. To explore such effects, Fig. 5 contrasts our
room-temperature results with what we predict for the
MTEs at 30 K. Above the direct threshold of 4.27 eV,
the MTEs at 30 K are approximately equal to the MTEs
at room temperature as well as the MTEs due to di-
rect processes only, which are not affected significantly
by temperature. Below the direct threshold, we indeed
predict a lowering of the MTEs when operating at 30 K.
However, unlike in polycrystalline metallic photocath-
odes where the MTE is directly proportional to the ther-
mal energy kBT near and below threshold,
14 for single-
crystal PbTe(111) we find a more complicated behavior
and not nearly the expected factor of ten reduction. Sim-
ply lowering the operating temperature of single-crystal
photocathodes is not guaranteed to provide a significant
reduction in the MTE.
Beyond not necessarily providing significant reduction
in MTE, lowering the photocathode temperature reduces
the number of phonons available for indirect photoexci-
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FIG. 5. Calculated MTE as a function of laser photon en-
ergy: with phonon effects at room temperature (solid curve),
with phonon effects at 30 K (downward triangles), without
phonon effects (dashed curve), and the threshold of direct
photoexcitation (vertical dashed line).
atation processes and thus may lower the quantum effi-
ciency, thereby actually reducing the overall beam bright-
ness. Without lowering of the photocathode temperature
as a guaranteed method, improving beam brightness from
single-crystal photocathodes will require materials whose
band structures allow photoexcitations of electrons with
low transverse momenta even at room temperature. Dis-
covery of such materials requires a deeper understand-
ing of the transverse momentum distributions of emitted
photoelectrons, which the next section explores.
B. Transverse Momentum Distributions
To further elucidate the photoemission process and to
explore the origin of the lack of the dip near 4.9 eV
in our predicted mean transverse energies (MTEs), we
now explore the detailed transverse momentum distribu-
tion of the photoemitted electrons. This distribution is
a two-dimensional histogram of the transverse momenta
kf‖ +G‖ of all emitted photoelectrons in the plane par-
allel to the surface. As discussed in Sec. III A, we can
extract this histogram from our framework by taking the
histogram weights to equal the product of the photoex-
citation transition rate ν(Ω,kf , b
′) (Eq. (11)) and the
surface transmission probability t(kf , b
′,G‖) (Eq. (14)).
Figure 6 shows the room-temperature transverse momen-
tum distributions at photon energies near and above the
direct threshold of 4.27 eV, comparing the results from
our calculations under various approximations with our
experimental results.
The first two rows of Fig. 6 compare the results from
considering the direct processes only with the results
from including also the indirect processes. As indicated
in the second row, although the indirect processes make
a significant contribution, neither the indirect nor the
9direct processes completely dominate. Furthermore, we
see that at the photon energies considered, above 4.3 eV
the transverse momentum distributions from the direct-
only processes are similar to the distributions from the
combined direct and indirect processes, explaining why
both the direct-only MTEs and the total MTEs are ap-
proximately equal above the direct threshold (Fig. 5).
Finally, it is apparent from Fig. 6 that both the direct
and phonon-mediated photoexcitations result in photo-
electrons with primarily significant transverse momenta,
thereby corresponding to the large calculated MTEs of a
few hundred meV that we find above the direct threshold.
Figure 6 also compares our calculated distributions
with our experimental results shown on the bottom-most
row. Note that, unlike the calculated distributions on the
second row, the experimental distributions do not show
the three-fold symmetry of the (111) surface of PbTe,
but show nearly cylindrical symmetry. We believe this is
not due to polycrystallinity, because our sample shows a
clear hexagonal pattern from low-energy electron diffrac-
tion experiments. The cylindrical smearing is then likely
due to other effects such as non-uniform electric fields on
the photocathode surface. Possible causes of these fields
include surface relaxations and reconstructions, as well as
small rough patches and atomic steps, all of which have
been experimentally observed on PbTe(111).31,54
To account for the observed cylindrical smearing ef-
fects in a simplified way, the third row of Fig. 6 shows
the results from the second row convolved with a two-
dimensional Gaussian of RMS width 0.1 A˚−1, which gives
the best overall agreement with the experimental distri-
butions. The convolved distributions have similar sizes
to the experimental distributions up until 5.2 eV, where
the convolved distribution is noticeably larger than that
observed experimentally, consistent with the larger pre-
dicted MTE in Fig. 4.
Contributing to our overprediction of MTEs at high
photon energies is the fact that our convolved trans-
verse momentum distributions remain somewhat “hol-
low” with low contributions in the center, as contrasted
with our measured distributions which tend to be peaked
at the center. One possible explanation for this differ-
ence is that our calculations exclude contributions from
the photoelectrons that transition directly into vacuum
states. As explained in Sec. II, among such electrons
there are significant contributions from transitions along
the Γ–L direction with zero transverse momenta, which
would tend to fill in the distributions and lower the pre-
dicted MTE. We believe that future work combining
bulk-like transitions with transitions directly into vac-
uum will further improve the agreement between theory
and experiment, and, in particular, will reproduce the
dip in MTE near 4.9 eV observed in Sec. IV A.
V. COMPUTATIONAL SEARCH FOR
LOW-MTE SINGLE-CRYSTAL
PHOTOCATHODES
The insights gained in the previous sections enable the
development of an efficient computational screening pro-
cedure to search for single-crystal materials that yield
photoelectrons with low mean transverse energies. Such
screening must consider both excitation into bulk-like
states and also excitation directly into vacuum, both of
which must yield low MTEs. References 24 and 25 give
an example of screening based on direct excitations into
vacuum. The remainder of this section focuses on impor-
tant considerations when screening based on excitations
into bulk-like states.
For efficient screening, we suggest including at first
only direct photoexcitations, not only because these ex-
citations can contribute significantly to the MTEs, as in
the case of PbTe(111) (Sec. IV B), but also because they
are significantly less computationally demanding to eval-
uate. When considering only the direct processes, it may
be tempting to use publicly-available band structures of
prospective photocathode materials. Such band struc-
tures, however, generally explore only the high-symmetry
paths in the Brillouin zone, which may result in fail-
ure to include important contributions from photoexci-
tation processes occurring at low-symmetry points. For
example, Fig. 7(a) shows a bulk band structure that
might be found in public databases for PbTe, showing
selected paths between the high-symmetry points in the
face-centered-cubic Brillouin zone. We first eliminate the
excited states that have zero surface transmission prob-
abilities due to negative perpendicular kinetic energies
or group velocities directed away from the surface. The
remaining possible vertical transitions then indicate a di-
rect threshold of 4.54 eV. In contrast, the actual thresh-
old, which we find by considering all possible transi-
tions in the Brillouin zone, is significantly lower, 4.27 eV
(Sec. IV A).
To further illustrate the importance of considering all
crystal momenta, Fig. 7(b) shows the transverse mo-
mentum distribution at a photon energy of 4.54 eV,
superposed on the projection onto the surface plane of
all high-symmetry paths available in the band structure
in Fig. 7(a). The direct transitions along Γ–K shown
in Fig. 7(a) correspond to the cluster of points about
halfway along the projected Γ,L–K path in Fig. 7(b),
which has two other copies due to symmetry as indicated
in the figure. There are, however, three additional exci-
tation pockets evident in Fig. 7(b) appearing at points
that do not correspond to any points in Fig. 7(a), which
shows no available transitions along any of the paths con-
necting Γ or L to X or U. This example demonstrates how
all crystal momenta in the Brillouin zone must be con-
sidered to avoid false conclusions about the performance
of single-crystal photocathode materials.
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FIG. 6. Transverse momentum distributions, normalized as probability densities, on the qxqy plane parallel to the (111) surface
at four different photon energies near and above the direct threshold: distributions including only direct excitations (top row),
distributions including both direct and phonon-mediated excitations (second row), fractions, in percents, of the probability
densities that are due to direct excitations (second row, “direct”), distributions including both direct and phonon-mediated
excitations with Gaussian smearing of RMS width 0.1 A˚−1 (third row), and experimentally measured distributions (bottom
row). The overall sizes and the trends of the distributions are consistent with the MTE data in Fig. 4.
VI. CONCLUSIONS
This work describes, to our knowledge, the first fully ab
initio framework for calculating the mean transverse en-
ergy (MTE) of single-crystal photocathodes. The frame-
work uses the full bulk band structure of the material
under study calculated using density-functional theory.
Our framework also considers various physical processes
relevant to photoemission, such as direct photoexcita-
tion and phonon-mediated photoexcitation, whose tran-
sition rates we calculate from first principles. We use
our ab initio framework to study the MTE and trans-
verse momentum distribution from the (111) surface of
PbTe as functions of laser photon energy. Our results
explain the significant discrepancy between the magni-
tude of the previous MTE predictions24,25 and the mag-
nitude of our experimentally measured MTEs. Finally,
the lessons learned from this case study of PbTe(111)
allow us to recommend a computational screening proce-
dure to find low-MTE single-crystal materials based on
the photoelectrons that undergo direct photoexcitations.
Despite the good agreement between our calculated
MTEs and our experimentally-measured MTEs from
PbTe(111), several discrepancies remain. First, our cal-
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FIG. 7. (a) Bulk band structure of PbTe: bands (solid curves), high-symmetry path Γ–L parallel to the [111] surface normal
direction (shaded region), valence band maximum (horizontal dashed line at 0), vacuum level (horizontal dashed line at 4.05 eV),
conduction states with zero surface transmission probabilities (×), direct transitions occurring along high-symmetry paths at
the apparent direct threshold of 4.54 eV (vertical dashed arrows), and conduction states corresponding to these direct transitions
(circles). The arrow-circle pairs are located very close to each other, nearly halfway along Γ–K. (b) Transverse momentum
distribution, normalized as probability density, including only direct processes at 4.54 eV (square pixels), projection onto the
(111) surface plane of high-symmetry paths available in panel (a) (straight lines), and direct transitions depicted in panel (a)
(square pixels highlighted by circles).
culated transverse momentum distributions show the
three-fold symmetry of the PbTe(111) crystal surface,
whereas our measured distributions show nearly cylindri-
cal symmetry. We attribute this difference to some com-
bination of surface reconstructions and relaxations, small
rough patches, and atomic steps on the single-crystal sur-
face of PbTe(111). Second, our calculated distributions
tend to be hollow at the center, whereas our measured
distributions tend to be peaked at the center. This differ-
ence is likely due to the contributions of the excited elec-
trons that transition directly into vacuum states, which
are not considered in this work and whose inclusion would
likely improve our agreement with experiment.
We here also consider the effects of temperature, and
find results suggesting that standard techniques such as
lowering the photocathode temperature do not necessar-
ily reduce the MTEs of single-crystal photocathodes. On
the other hand, computational screening of single-crystal
materials remains a viable pathway to produce photo-
cathodes with low MTEs. In performing the screening,
it is important to consider photoexcitations at all crystal
momenta instead of only along high-symmetry paths in
the Brillouin zone, and to consider both bulk-like tran-
sitions and transitions directly into vacuum. Finally,
once low-MTE candidates are identified, further compu-
tational studies using the approach we introduce here
should be carried out to determine whether other pro-
cesses, such as phonon-mediated photoexcitations, sig-
nificantly affect the MTEs.
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Appendix A: Proof that {Gs} = {G‖}
Let R be a set containing all vectors R in a three-
dimensional Bravais lattice and let G be the set contain-
ing all vectors G in the reciprocal lattice of R. By defi-
nition,
R · G ⊂ 2piZ, (A1)
where Z is the set of all integers and the dot product
is defined as the set containing all possible dot products
between the members of R and the members of G.
For any R and any surface with unit normal vector nˆ,
all lattice vectors along the surface form a setRs = {R ∈
R : R · nˆ = 0} ⊂ R. The set Rs corresponds to a two-
dimensional Bravais lattice because for any Rs1,Rs2 ∈
Rs, Rs1 + Rs2 ≡ R3 ∈ R and R3 · nˆ = 0, which imply
that R3 ∈ Rs.
Let G‖ be the set of all vectors in G projected onto the
surface defined by the unit normal vector nˆ: G‖ ≡ PG,
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where the projection operator P = 1− nˆnˆ· applied to the
set G returns the set of the projections of all members of
G. The set G‖ forms a two-dimensional Bravais lattice
because for any G‖1,G‖2 ∈ G‖, there exist G1,G2 ∈ G
such that G‖1 + G‖2 = PG1 + PG2 = P (G1 + G2) =
PG3 ∈ G‖, where it is clear that G3 ≡ G1 +G2 is in G
because G is a Bravais lattice.
Because Rs ⊂ R it follows from Eq. (A1) that Rs ·G ⊂
2piZ. Moreover, because Rs · nˆ = 0, the perpendicular
components of all members of G do not affect the dot
product values, and thus we can replace G with G‖ so
that
Rs · G‖ ⊂ 2piZ.
This means that each member of Rs is among those vec-
tors that always equal 2pi times an integer when dotted
with any member of G‖. Thus,
Rs ⊂ G−1‖ , (A2)
where G−1‖ denotes the reciprocal lattice of G‖. Note
that because G‖ is a two-dimensional Bravais lattice on
the surface plane defined by the unit normal vector nˆ,
G−1‖ is also a two-dimensional Bravais lattice on the same
surface plane, and thus G−1‖ · nˆ = 0.
We note further that because G−1‖ · nˆ = 0, we can
replace G‖ with G in G−1‖ · G‖ ⊂ 2piZ, yielding
G−1‖ · G ⊂ 2piZ,
so that G−1‖ ⊂ G−1 = R. Finally, because G−1‖ ⊂ R and
G−1‖ · nˆ = 0, we find
G−1‖ ⊂ Rs. (A3)
Taken together, equations (A2) and (A3) now imply
that Rs = G−1‖ . Finally, because both Rs and G−1‖ are
Bravais lattices, this also means R−1s = G‖, so that the
set of all Gs reciprocal to the surface lattice is indeed the
same as the set of all G‖, as noted in the main text.
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